We study thermodynamics in f (R) gravity with the disformal transformation. The transformation applied to the matter Lagrangian has the form of γ µν = A(φ, X)g µν + B(φ, X)∂ µ φ∂ ν φ with the assumption of the Minkowski matter metric γ µν = η µν , where φ is the disformal scalar and X is the corresponding kinetic term of φ. We verify the generalized first and second laws of thermodynamics in this disformal type of f (R) gravity in the Friedmann-Lemaître-Robertson-Walker (FLRW)
I. INTRODUCTION
The connection between thermodynamics and general relativity (GR) has been found by studying black hole entropy. In 1972, Bekenstein stated that this entropy is proportional to the area of the event horizon [1] . The thermodynamical behavior of black holes was also examined in 1974 by Bardeen, Carter, and Hawking in Ref. [2] , showing that black hole entropy and temperature are associated with the corresponding area, A, and surface gravity, κ s , on the horizon, respectively. In 1975, Hawking further presented that the proportionality of black hole temperature and surface gravity is equal to 1/2π, i.e., T = κ s /2π, by considering matter near the black hole horizon as quantum matter [3] .
In 1995, Jacobson pointed out that the Einstein equation can be deduced from the thermodynamic properties of spacetime together with the proportional relation of the entropy and horizon area, which gives a deeper connection between thermodynamics and gravity [4] .
Later, this idea was applied to cosmology. In particular, in 2005, Cai and Kim [5] demonstrated that the Friedmann equations can be derived by applying thermodynamic properties to the apparent horizon of the universe. Upon replacing different entropy formulae of the black hole in different gravity theories, such as Gauss-Bonnet and Lovelock gravity, one can obtain the corresponding modified Friedmann equations [5, 6] .
It is generally believed that studies of the connections between thermodynamics and gravity theories would give us some insight into the real nature of gravity. In particular, gravity theories, such as scalar-tensor [6] [7] [8] , f (R) [6, 7, [9] [10] [11] [12] [13] , Gauss-Bonnet and Lovelock gravity [8, 14, 15] and braneworld [16] [17] [18] [19] models have been widely discussed for this purpose.
It is known that f (R) gravity, which takes the gravity part of the LaGrangian as a function of the Ricci scalar R rather than the LaGrangian given by Hilbert, is one of the popular modified gravity theories for understanding dark energy in cosmology. The field equation for f (R) has also been derived by considering spacetime as a non-equilibrium thermodynamic system such that an entropy production term is added in the Clausius relation, i.e., dŜ = dQ/T + d iŜ . [9] . Here, the horizon entropy is defined byŜ = F (R)A/(4G) with F (R) = ∂f /∂R and d iŜ a bulk viscosity entropy production term. However, in the FriedmannLemaître-Robertson-Walker (FLRW) universe, the Friedmann equation can be viewed both in equilibrium and non-equilibrium thermodynamic descriptions [10] .
In addition to thermodynamical properties, f (R) gravity has been investigated in a wide variety of aspects. For example, the effect deviated from GR can be identified as the effective dark energy, which could lead to the accelerating universe [20, 21] . In addition, by choosing f (R) = R N , one can show that there is a correspondence between the Einstein-conformally invariant Maxwell solutions and the solutions of f (R) gravity without matter field [22] .
Considering the trace anomaly as the source in f (R) gravity, it can be demonstrated that there exist different (Schwarzschild-AdS (dS), Schwarzschild, Reissner-Nordstrm) black hole solutions in different models [23] . Furthermore, f (R) gravity has instanton solutions in 4-dimension Eguchi-Hanson space, and soliton solutions in 5-dimension Eguchi-Hanson-like spacetimes [24] .
After performing a conformal transformation on f (R) gravity or a scalar-tensor theory, the two theories both become GR with a dynamical scalar field. In this sense, the two frames are mathematically equivalent. However, the intriguing question is whether these two frames are physically equivalent or not. Capozziello et al. have showed that the two frames are physically non-equivalent by considering specific f (R) models in cosmology and found that their Hubble parameters are different [25] . Similar situation happens when considering the finite time cosmological singularities of f (R) gravity. The singularities change from one type to another when transforming from one frame to the other [26] . The equivalence of both frames for the scalar-tensor theory have also been studied from the thermodynamics viewpoint [27] .
Another alternative of modified gravitational theories is to modify Riemannian geometry into Finslerian one [28] [29] [30] [31] . Within this framework, physical equations such as Maxwell's equations, and Dirac equations should be rewritten into a flat Finslerian spacetime rather than a Minkowskian one [28, 30] . In [32] , Bekenstein considered a kind of gravitational theories, which contains two geometries. He allowed the physical geometry (γ µν ) with the matter dynamics could be Finslerian. To respect the weak equivalence principle and causality, Finsler geometry must go back to Riemannian one, and the corresponding matter metric, γ µν , must be related to the gravitational metric (g µν ) by the so-called disformal transforma-
where φ and X are the disformal field and corresponding kinetic term, while A and B are functions of φ and X, respectively. This kind of the theory applied to relativistic cosmology for the early universe was first done by Kaloper [33] , in which the disformal field is considered to be the source of inflation. The transformation can only couple to matter. Motivated by the work in Ref. [32] , we consider the situation that the flat Finslerian spacetime is reduced to the Minkowskian one, and examine thermodynamic properties in f (R) gravity. That is, in our study, we explore thermodynamic properties in f (R) gravity by including the disformal transformation with the assumption of the Minkowski matter metric, γ µν = η µν .
The paper is organized as follows. In Sec. II, we first calculate the equations of motion of our model in the Jordan frame. Then, we derive the generalized first and second laws of thermodynamics in both equilibrium and non-equilibrium descriptions. We also show the relation between the two pictures. In Sec. III, we explore the cases in the Einstein frame.
Finally, we conclude in section IV.
II. THERMODYNAMICS IN JORDAN FRAME
The action of f (R) gravity with matter is given by representing non-relativistic matter and radiation, respectively. We use the disformal transformation of (1.1) in f (R) gravity, with X := −(1/2)g µν ∂ µ φ∂ ν φ the kinetic term of the φ field. According to the disformal transformation by Bekenstein, the matter fields directly couple to the background field γ µν , while the matter action must be identified as S
, in which the model can be regarded as a special kind of the bimetric theory [34] . In this work, we will concentrate on the simple case with an assumption that matter is described on the Minkowski spacetime with metric given by
where η µν = diag(−1, +1, +1, +1) in our notation. To examine how the disformal transformation will affect the f (R) gravity theory in cosmology, we assume our space to be homogeneous and isotropic. As a result, the disformal field, φ, only depends on time now.
More precisely, the equation ∂ µ φ = (φ, 0, 0, 0) holds at present. Subsequently, one can obtain δ(φ, ρ ) in terms of δg µν and δφ, given by
,
The equations of motion from the variations with respect to g µν and φ are given by
where F := df (R)/dR and the comma denotes as the partial derivative. The terms in the right-handed side of (2.5) correspond to the energy-momentum tensors of matter, disformally induced matter, and effective dark energy, defined by
which are all assumed to be perfect fluids, given by
where
i ),ρ d are the energy density for the ith content of matter (induced matter) and dark energy, and P i (P In this article, we will only focus on the flat FLRW universe (k = 0) in (2.1). The corresponding metric is given by
with a(t) the scale factor. By comparing the components of η µν , the relations
can be derived, where X =φ 2 /2 with the dot denoting the derivative with respect to t. As a result, the induced energy-momentum tensor in (2.7) can be read as
By taking the trace of (2.11), one gets
We assume that the matter LaGrangian L i is independent of the derivative of metric tensor, leading to the fact that
One also finds that
along with the equation of motion in (2.6) to be
Since the energy-momentum tensors of matter and induced matter in (2.7) all contain the derivative terms in the matter LaGrangian L i , we can connect matter and induced matter and derive the relations of energy densities and pressures between them. From the tt-components in (2.7) and (2.8), the induced energy density can be expressed as 17) which is related to the disformal field φ as expected. Similarly, one can write the induced pressure in terms of the energy density by
In addition, the equations of state (EoS) of matter and induced matter are given by w i := P i /ρ i and w
i , respectively. By using (2.16) and (2.18), one can describe P 19) with the induced EoS of w 20) independent of the ordinary matter content. Please note that (2.19) can also be presented as
The induced matter can be totally written in terms of ordinary matters, implying the modification of the matter contents of the universe through the disformal coupling.
The reason that the induced matter content is related by the ordinary matter content in (2.16) and (2.19) can be understood in a sense that the disformal field, φ, is always generated to offset the gravitation field, g µν , to force the physical metric, which governs the equation of motion of ordinary matter [32] , to Minkowski one. Therefore, once the ordinary energy and pressure, ρ i and P i , are given, one can obtain (2.17) and (2.20) , so that ρ
can be found by (2.16) and (2.19), respectively.
We assume that there contain non-relativistic matter(m) and radiation(r) in our model.
For non-relativistic matter, the pressure is zero, P m = 0, which gives the vanished matter EoS of w m = 0, while w r = 1/3 for radiation. The resulting induced energy density and pressure are given by
Similarly, one has
According to (2.21), (2.22) and (2.9), we obtain the modified Friedmann equations as
By simply rearranging the H 2 andḢ terms to the left-hand side (LHS) and the others to the right-hand side (RHS) in (2.23), one obtains that 25) where G eff = G/F . The subscript "d" in (2.24) represents the effective dark energy component of f (R) in the non-equilibrium picture. In addition, one can express (2.23) in terms of the following by adding H 2 andḢ terms on the both sides of the two equations, respectively,
given by
with G the ordinary Newtonian constant. It will be shown in the later context that (2.24) corresponds to the non-equilibrium description of thermodynamics, whereas (2.26) the equilibrium one.
A. Non-Equilibrium Description of Thermodynamics in f (R) Gravity
First Law in Non-Equilibrium Description
To study thermodynamics, we start with the non-equilibrium picture. colorredAccording to (2.24) and (2.25), it is clear that the extra terms in the RHSs of (2.24) arise from the assumption that the matter metric is related to the gravitational one through the disformal transformation. We can put Friedmann equations (2.24) in more compact forms,
Here, ρ M is represented as the total matter density including induced matter.
Please note that the energy-momentum tensors from matter and radiation obey ∇ µ (T
Furthermore, the continuity equation for dark energy is found to bė
In the non-equilibrium picture, the theory requiresḞ = 0, so that the above equation does not vanish. This leads to the non-equilibrium description of thermodynamics in f (R) gravity in the Jordan frame.
The four-dimensional FLRW metric in (2.9) can be rewritten as
where h ab = diag(−1, a 2 (t)) is the two-dimensional metric with a, b = (0, 1), while x 0 = t, and x 1 = r. To examine the thermodynamic properties in f (R), we require the apparent horizonr A to satisfy the condition h ab (∂ ar )(∂ br ) = 0 [5] . In the FLRW spacetime, it is given
Combining with (2.24), we find
We use the dynamical entropyŜ = A/(4G eff ) in the f (R) gravity theory at a given horizon, where A = 4πr
2
A is the area of the apparent horizon and G eff is the effective that the entropy of the black hole in GR is a Noether charge [35, 36] . It was also shown that this entropy is associated with the effective gravitational coupling, which depends on the variation of gravity LaGrangian with respect to the Riemann curvature tensor [37] . For f (R) gravity, in the non-equilibrium picture, since G eff = G/F is the effective gravitational coupling, we have the entropy [13, 36, [38] [39] [40] ]
The associated temperature at the apparent horizon is proportional to the surface gravity
By substituting κ s = 1/(2 √ −h)∂ α √ −hh αβ ∂ βr |r =r A in the above equation, we get
which should be positive [13] . As a result, T dŜ can be written as
The Misner-Sharp energy within the apparent horizon in f (R) gravity is given by [7, 13, 16, 
which can be regarded as the total energy within the apparent horizon, i.e.,Ê = Vρ t , where
A /3 is the volume of the horizon. Differentiating the Misner-Sharp energy, we have
By introducing the work density [5, 13] 
with the perfect fluids, we obtain
and the new quantity
we obtain 42) which is the first law in the non-equilibrium picture. We can see that it is similar to the result in f (R) gravity [11, 12] . The first law of thermodynamics is still valid when we introduce a disformal relation in (2.2).
Second Law in Non-Equilibrium Description
To describe the second law of thermodynamics in the non-equilibrium picture, we write down the Gibbs function in terms of the total energyρ t pressureP t , given by
The time derivatives of entropies lead to 44) where the relations of R = 6(Ḣ + 2H 2 ) and T −1 = 24πH/R have been used. It can be seen that the influence of the disformal transformation on the rate of the entropy change is the corrections of the energy densities and pressures. By using the Friedmann equations (2.24), (2.44) becomes
Please note that for our current accelerating expansion of the universe, the Hubble parameter H and Ricci scalar R are positive. On the other hand, to avoid the ghost and instability problems, the positive condition of F = df /dR and d 2 f /dR 2 should be satisfied. It can be checked that the equation (2.45) is positive for all viable f (R) gravity theories due to the viable condition of F = df /dR > 0 [42, 43] . As a result, (2.45) is consistent with the second law of thermodynamics, i.e.
when considering the disformal transformation with the Minkowski matter metric. This conclusion is the same as that in f (R) gravity without the disformal transformation [12] .
It is clear that our results in (2.42) and (2.46) are reduced to those in f (R) without the disformal transformation in the non-equilibrium picture in the limit of λ → 0.
B. Equilibrium Description of Thermodynamics in f (R) Gravity
First Law in Equilibrium Description
In the equilibrium picture, we use (2.26) and (2.27) as modified Friedmann equations.
The energy-momentum tensor of dark energy is given by
Since dark energy in the equilibrium picture is treated as a perfect fluid, T
(d)
µν can be written in the form of
Consequently, the modified Einstein equation in (2.5) becomes
Since the left-handed side of (2.49) has the property of ∇ µ G µν = 0, the total energymomentum should obey the continuity equation
After applying the FLRW metric to the continuity equatioṅ ρ t + 3H(ρ t + P t ) = 0, (2.50)
M , one finds that dark energy also obeys its own continuity equationρ
along with the one for matter and radiation, given by
for the total energy-momentum. Hence, the equilibrium description of thermodynamics can be advocated. Using the Bekenstein-Hawking entropy S = A/4G and Hawking temperature T = |κ s |/2π, we have
Defining the Misner-Sharp energy within the apparent horizon as E =r A /2G = V ρ t , we
With (2.54) and (2.55), we derive
where W is the work density, defined by
Please note that (2.56) is the first law of thermodynamics in the equilibrium picture of f (R) gravity, in which there is no other entropy contribution. It is because dark energy satisfies its own continuity equation in the equilibrium picture, whereas the non-equilibrium one does not.
Second Law in Equilibrium Description
To describe the second law in the equilibrium picture, we take the Gibbs function in terms of the total energy ρ t and pressure P t , given by
The time derivatives of the entropies can be written as
By using (??), we derive
which is the second law of thermodynamics. We see that the difference between the two descriptions is related to the function F . In the limit λ → 0, the results in (2.56) and (2.60)
can be also reduced to those in f (R) gravity without the disformal transformation in the equilibrium picture.
Entropy Difference Relation of Equilibrium and Non-Equilibrium Descriptions
Comparing the definitions of the effective dark energy in two frames (2.7) and (2.47), we find that
As a result, we relate the entropies in the two descriptions as
After some calculations, we obtain
III. THERMODYNAMICS IN EINSTEIN FRAME
To discuss thermodynamics in the Einstein frame, we apply the conformal transformation to f (R) gravity. The metric tensor transforms asg αβ (x µ ) = Ω 2 (x µ )g αβ (x µ ) which leads to η µν = Ω −2 Ag µν + B∂ µ φ∂ ν φ. Due to the conformal transformation, it can be found that the matter LaGrangian densities are non-minimally coupled by Ω through the disformal transformation.
The action in the Einstein frame can be achieved by the constraint of Ω −2 F = 1, which is read as
where the conformal scalar is defined as ω = α ln Ω with α = 3/(4πG) and V (ω) = (F R − f )/2κF 2 . Since the thermodynamic behavior does not affected by the magnitude of time interval, we can define dt = Ω dt andã(t) = Ω a(t) in the Einstein frame for simplicity.
Thus, the FLRW metric becomes [44] 
Again, we have used the constraint δη µν = 0 to give the relation of
δφ
Varying the action (3.1) with respect tog µν , φ and ω, we obtain the field equations
where the quantitiesT
µν andT µν are the energy-momentum tensors for matter, induced matter and the conformal scalar in Einstein frame, defined as 5) respectively. With the perfect fluid assumption, the above equations in (3.5) are written as 6) respectively, whereũ µ = dx µ /dτ is defined withτ the conformal proper time.
Please note that the equation of motion for φ in the Einstein frame (3.4) is the same as that in the Jordan one (2.6), and the relation betweent µν only differs a factor, i.e.
Clearly, (3.7) can be expressed in terms of quantities in the Einstein frame with the same form
where the prime " ′ " denotes the derivative with respect tot. For the ω field, we have ω = ω(F (t)) = ω(t). From (3.5), one gets
In addition,λ =ρ
i /ρ i is the proportionality between ordinary matter and induced matter, andω
is the equation of state for induced matter in the Einstein frame. They are related to the corresponding quantities in the Jordan frame byλ = Ω 2 λ
i . The EoS of non-relativistic matter and radiation are given byw m = 0 and w r = 1/3, respectively. Therefore, we can write down the modified Friedmann equations in the Einstein frame from (3.4) to bẽ
whereρ M =ρ m +ρ r andH ′ =ã ′ /ã is the Hubble parameter in the Einstein frame.
A. First Law in Einstein Frame
Usingρ ω andP ω in (3.9), the third equation in (3.4) leads tõ
whereρ M andP M are the energy density and pressure of ordinary matter and disformally induced matter in the Einstein frame, given bỹ 12) respectively. Since the continuity equation for matter and induced matter in the Jordan frame holds, the equation∇ µ (T
As (3.11) and (3.13) have the opposite sign, we can combine them to form a total conserved continuity equation, given bỹ
whereρ t =ρ M +ρ ω andP t =P M +P ω . The relations in the Einstein frame are very similar to those in the Jordan frame in the equilibrium picture. Hence, thermodynamics in the Einstein frame should be considered as an equilibrium description.
To investigate the first law of thermodynamics in the Einstein frame, we can follow the similar steps shown in the Jordan one. The apparent horizon in the new frame is
As a result, the surface area and horizon volume becomeÃ = 4πr 
Using the Misner-Sharp energyẼ =r A /2G within the apparent horizon, we get
whereh ab = diag(−1,ã 2 ) with a, b = 0, 1, the first law in the Einstein frame is given bỹ
B. Second Law in Einstein Frame
In the Einstein frame, we can also construct the Gibbs functioñ
Similarly, we have
Substituting (3.10) into the above equation, one gets 22) which is obviously always positive for the accelerating expansion of the universe, so that 23) as expected by the second law of thermodynamics. We can see that the solution is similar to that of the equilibrium picture in the Jordan frame. By replacing all the variables in terms of those in the Einstein frame, they both describe the same picture but in the different frames. In the limit ofλ → 0, the results in (3.19) and (3.23) can also be reduced to those in f (R) gravity without the disformal transformation in the Einstein frame.
C. Thermodynamics Relation Between Two Frames
As the thermodynamic properties in the two frames are derived, we can find the relations between the frames. First, the Hubble parameter has the form 24) with the disformal transformation in the Einstein frame. By finding the relations between quantities in the Jordan and Einstein frames, we have shown that the contributions from the disformal field in the Einstein frame can be expressed as the disformalλ-dependent terms withλ = Ω 2 λ. Similarly, when taking the limit ofλ → 0, the equations of the first and second laws of thermodynamics go back to the ordinary ones in f (R) gravity in the Einstein frame.
We remark that in the Jordan frame, we have both non-equilibrium and equilibrium descriptions. As shown in Equation (2.63), the change of the horizon entropy S in the equilibrium picture includes the information of both dŜ and d i S in the non-equilibrium one.
Clearly, the existence of the non-equilibrium description in the Jordan frame but not in the Einstein frame also gives us an implication that two frames are inequivalent.
In this paper, we only consider the case that the disformal metric couples to matter.
Thus, the effect of this coupling can be interpreted as an additional matter (disformally induced matter). The first law of thermodynamics will be modified by adding additional matter contents in the both Jordan and Einstein frames. Also, calculations show that the second law of thermodynamics depends on the total energy density and pressure, and hence, can also be verified by taking into account additional matter contents.
Finally, it is worth noting that the equation of state, defined in (2.20) , is independent of the matter contents, implying the unique phase of the induced matter. Furthermore, if the matter metric is not the Minkowski one, it should be interesting to study how the thermodynamic properties will change in both frames.
